This paper presents a new analysis of four time series of paleo-climate data, using wavelet methods to determine the timings and characteristics of the ice-age terminations. We use an antisymmetric wavelet which detects locations in the time series where there are large changes. The results are consistent with previous work but we have, for the rst time, been able to explore the features of the individual terminations in an objective w ay. W e nd that, at the terminations, the interval between atmospheric carbon dioxide changes and sea-level is about 7 kyr, compared with 15 kyr obtained using Fourier methods which estimate the phase over the whole 100 kyr signal. The sea level change is the fastest but occurs after the other three components.
Introduction
The mechanisms which cause the climate variations of the glacial cycles are not well understood. The signal in the Milankovitch insolation at the appropriate time scale (approximately 100 kyr) is very weak, implying that nonlinear interactions are required to produce the strong signal we s e e in the paleo-data at this frequency. On the other hand, the periodicities present in the paleo-data at 41, 23 and 19 kyr are consistent with a linear response of the climate to Milankovitch insolation.
In order to formulate theories for the mechanisms responsible for causing the changes in climate, it is important t o establish the relative leads and lags between di erent components of the system. The glacial cycle is often referred to as the 100 kyr cycle, but it is actually rather more irregular than its name implies, and the cycles are both saw-toothed and non-identical. The timing of the ice age terminations is of particular interest since the ice-sheet collapses are the fastest changes in the glacial cycle, and it is still not known which processes trigger such collapses.
There are several di culties in ascertaining the timings of the terminations. The cores only sample the data at a limited frequency. There may be noise in the data caused by stratigrahic problems in the core, and errors can be introduced during the data collection process. Another source 1 Also at Proudman Oceanographic Laboratory, Merseyside, U.K.
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Paper number. 0883-8305/02/$12.00 of noise in the proxy data is contamination from other processes. For example, benthic foraminiferal 18 O from cores, used as a proxy for sea level, may b e c o n taminated by d e e p sea temperature. The use of a particular dating or age model can also have a signi cant e ect when we are looking at differences of only a few thousand years between di erent t i m e series. In order to calculate the relative lags between the different components it is important t o h a ve consistently timed data for all components.
New time series have recent l y b e e n d e r i v ed for deep ocean temperature, high-latitude air temperature, atmospheric carbon dioxide concentration and sea level over the last 400 kyr (Shackleton, 2000) . The sea level and deep ocean temperature data were extracted from a combination of the Vostok 18 O record (Petit et. al., 1999) and the benthic foraminiferal 18 O record (from cores V19-30 and V19-28), calibrated to new, more precisely orbitally tuned time scales. The Vostok 18 O calibration was also applied to the atmospheric carbon dioxide record. Rather than re-calculate the ice/gas age di erences, the Vostok ice D/H time series was o set by the same amount as the carbon dioxide time scale. This time series is thought to be a re ection of the air temperature over Vostok. Shackleton (2000) compared the four new time series to the Milankovitch forcing using cross-spectral analysis. The timing of the 100 kyr glacialinterglacial cycle relative to the orbitally induced changes in the solar insolation at high latitude (Milankovitch forcing) was found to be -5, -5, -1 and 14 kyr for deep ocean temperature, air temperature, carbon dioxide and sea level respectively. The left hand column of plots in Figure 1 shows the four normalised time series.
Shackleton did not inspect any particular features in the record and his results focus on the spectral characteristics of the whole time series. Because of the irregularity of the glacial cycle it is possible that the relative phases of the four components could vary considerably throughout the record, without implying any inconsistency with Shackleton's derivation of the average leads and lags. In fact a recent study of sea level changes on the continental shelf o Northern Australia (Clark & Mix, 2000 Yokoyama et al. 2000 concluded that about 19 kyr BP a rapid change in sea level preceded large changes in both 18 O and atmospheric carbon dioxide.
A previous study of the ice-age terminations taken from benthic foraminiferal 18 O in cores (Raymo, 1997) took the timing of the termination as the time when the value was half-way b e t ween the maximum and minimum values. Because the data contain considerable amounts of noise it is desirable to use a more rigorous method to nd the centres of the terminations. In this paper we focus on the the iceage terminations in Shackleton's four component time series, using a wavelet method to calculate the timings and time scales of the changes.
Hereafter we label the large changes marking the ends of the ice-ages occurring approximately 10, 150, 250 and 350 kyr before present as T1, T2, T3 and T4 respectively.
Time series analysis with the Morlet wavelet
In recent y ears wavelet analysis has become a popular method for the analysis of aperiodic and quasiperiodic data (Torrence & Compo, 1998) . It produces a two dimensional frequency-time mapping of the data, so would appear to be a good starting point for our investigations. A wavelet function must have zero mean and be localised in both time and frequency space. The decomposition of the time series into time-frequency space is achieved by c o n volving scaled wavelet functions with the time series.
The Morlet is the wavelet that is commonly used for time series analysis in the Geophysical sciences. We therefore examine the characteristics of this wavelet before considering others in the next section. It is a complex sine wave localised by a Gaussian envelope and is excellent for searching for quasi-periodic oscillations in a multi-frequency time series. For example, Melice et al. (2001) used the Morlet wavelet to examine the frequencies in the Milankovitch forcing.
Morlet wavelet transforms of the four datasets are shown in the central column of plots in Figure 1 . The wavelet number on the y-axis is equivalent to the period of oscillation in kyr. All four plots appear to be dominated by frequencies corresponding to long time scales, of order 100 kyr, but these signals are poorly de ned. This is because, at this frequency, the 400 kyr time series is only four wavelengths long and the Morlet requires several periods worth of data to resolve t h e time-frequency information in the signal. Since this is the time scale of the glacial-interglacial cycle it would appear that the Morlet wavelet is not very suitable for our purposes. Signals around 41 kyr, consistent with the obliquity frequency in the Milankovitch forcing, are apparent i n t h e sea level data. Reducing the scale of the wavelet transform at the lower wavelet numbers also reveals clear signal at around the 23 kyr climatic precession frequency. Evidence of both these frequencies has previously been found in other cores (e.g. Hays et al., 1976) . There is also some evidence of these components in the air temperature record. There is some signal in the ocean temperature at around 30-40 kyr but no other clear indication of the orbital frequencies in either that dataset or the carbon dioxide time series. These ndings are all consistent with the cross-spectral analysis performed by Shackleton (Figure 5, Shackleton (2000) ).
Wavelet analysis produces high intensity signal in the transform at locations where the the data correlate strongly with the shape of the wavelet. So it is important to use a w avelet which r e s e m bles the shape of the feature being investigated. The Morlet is good for identifying cyclicity associated with periods of quasi-sinusoidal activity, but the glacial-interglacial cycle is saw-tooth shaped rather than sinusoidal. So, even if we had su cient data to observe the 100 kyr signal, examining the terminations using the Morlet would have been di cult. We seek an objective method for comparing the terminations. In the next section of this paper we apply an antisymmetric wavelet which more closely resembles the shape of a termination.
An antisymmetric wavelet
Here we i n troduce an antisymmetric wavelet that has been used for studying transitions in biological time series (Lewalle et al., 1995) . Figure 2 shows the general form of the wavelet.
The main feature of this wavelet is that of a large change. As the wavelet function is scaled during the wavelet analysis, the high wavelet numbers pick out the slow c hanges, and the low w avelets numbers show the fast changes. We d o not choose a step function for our wavelet because it is clear from visual inspection of the time series that the changes from glacial to inter-glacial conditions are not step functions, but rather they occur over a variety o f t i m e s c a l e s . By using the antisymmetric wavelet we gain information on these di erent time scales of change, as well as being able to locate the centre of the transition.
For all wavelets there is a trade o between the accuracy of the event localisation and the accuracy in the spectral domain. This is why, if only spectral information is required, Fourier methods are the most accurate. The Morlet wavelet also has quite high accuracy in the spectral domain but relatively poor event localisation. For the antisymmetric wavelet the situation is reversed, and the event localisation is highly accurate at the expense of the frequency information. The Morlet wavelet is most often used to nd areas where there is high amplitude at a certain frequency, whereas the antisymmetric wavelet picks out gradients in a time series. These features of the antisymmetric wavelet are ideal for our purposes, since our principal interest is in the precise timing of the terminations.
The basic behaviour of both wavelets is illustrated by Figure 3 , which s h o ws the continuous analysis of a sine wave with period 50 units. The real part of the complex Morlet transform is displayed. This shows alternating peaks and troughs centred on the maxima and minima in the original signal, whereas the peaks in the transform using the antisymmetric wavelet centre on the changes in the time series. Positive gradients are red and negative gradients, blue. These peaks spread over a range of wavelets and distortion can be seen over the last period at each end of the sine wave. The Morlet transform is considerably more focussed in frequency than the antisymmetric wavelet transform, but the edge e ects in uence at least twice as much of the transform.
We use the centre of the antisymmetric wavelet peaks to de ne a frequency scale for this wavelet. The centres are close to wavelet 10, so for the paleo-data at 1 kyr intervals, this corresponds to a period of 50 kyr, or a transition time of 25 kyr. Because of the relative inaccuracy in the frequency domain we quote time scales to only the nearest 5 kyr.
The only way to eradicate the edge e ects would be to extend the signal. This would be easy enough to do for our simple sine wave, but is more di cult for real datasets. For paleo-data it entails making a prediction of the future climate. Doing so can produce a much cleaner looking transform than obtained when the data are extended in at line (as they are in Figure 3 ), but it must be remembered that the wavelet transform is actually a ected by the assumptions we h a ve made about the future climate for about one wavelength into the observed data.
Validation
To demonstrate the robustness and validity o f t h e a n tisymmetric wavelet for analysis of paleo-climate time series we turn rst to data for which the timings of the glacialinterglacial transitions have previously been measured. We use the 18 O data which w ere used as as a proxy for ice volume variation by R a ymo (1997). We h a ve analysed all 11 cores, but since the results are consistent w e can demonstrate the features of our method from the analysis of just one core. We c hoose Oceam Drilling Program Site 849, since it is also the time series highlight e d m o s t i n R a ymo's paper.
As shown by R a ymo, there are considerable di erences between the data from the di erent cores, and this implies that there is signi cant error in the 18 O signal. Raymo outlined a variety o f m e c hanisms that could cause errors in the timing. Additionally there is evidence that the 18 O is not a simple proxy for ice volume (Shackleton, 2000) , which means that there is information in the signal that is not related to ice volume. One should also remember that the original data have temporal resolution only of the order of 1 kyr, which m a k es it unlikely that the data represent t h e true variability at time scales of less than several thousand years. Raymo's de nition of a transition was \a rapid and abrupt change from glacial to extreme glacial conditions". Raymo's results give the time of the transition at the time when the value of the 18 O is half-way b e t ween that at consecutive minima and maxima in the time series.
Looking at the time series of the 18 O data from Site 849 shown in Figure 4 it is apparent that none of the transitions look like a simple step change. For example: at T2 and T5 the largest change appears to occur a signi cant t i m e after the glacial maximum and T3 and T6 appear to consist of a series of small variations. In light of the errors in the data it is not clear how \rapid" and \abrupt" ought t o be interpreted. For the wavelet analysis we need make n o prior decisions about which features should be included in the transition. In order to perform the analysis it was necessary to re-sample the irregularly spaced data to a regular time step (1 kyr). Figure 4 shows the normalised time series of ;( 18 O) a t Site 849 split into two sections, with the relevant a n tisymmetric wavelet transform shown beneath each section. It is clear that T1 is a ected by edge e ects and for this validation exercise we do not analyse this transition further. Table 1 displays the positions and time scales of the terminations (T2{T7) obtained from the wavelet analysis along with the timings from Raymo (1997) . The relation between the time scale of the change and the wavelet number is calculated according to the relation worked out in the previous section (time scale of change = 2.5 * wavelet number).
For Terminations T2, T4, T6 and T7 the minima in the wavelet transform are temporally and spectrally focussed and the centres of the minima are close to the results of Raymo. The centres measured from the wavelet tend to precede Raymo's results (by b e t ween 1 and 4 kyr). This is because the terminations are not symmetrical, beginning with small changes, and then the change accelerates towards inter-glacial conditions. Raymo's analysis does not always include the rst changes in the analysis. The time scales for these terminations are between 35-50 kyrs.
Raymo states that T3 and T6 do not pass the termination de nition mentioned above. At these two terminations the wavelet transform exposes the complexity clearly so it is possible to see at what times and over which time scales there are the strongest signals of change. Evidence of the smaller changes is seen as valley like features in the transform, however the only times at which there are true minima in the transform are shown in table 1.
T3 has three minima at 273 kyr BP (time scale 35 kyr), at 265 kyr BP (time scale 55 kyr), and at 240 kyr (time scale 20 kyr). There is most signal in the wavelet transform at the second minimum. The signal that Ray m o t o o k t o b e t h e transition is at 269 kyr, which appears in the transform as a v alley, but not as a minimum. Our interpretation is that the change from glacial to inter glacial conditions is real but occurs more slowly throughout the series of smaller changes.
A similar argument applies to Termination T6. Here the signal is very weak. Indeed in some of the other 11 cores the signal is so weak that it is unclear whether this is really a de-glaciation of any signi cance, or just a continuation in the uctuations which follow T ermination 7. At Site 849 the rst minimum in the wavelet transform around Termination 6 i s a t 5 5 7 k y r B P . The signal here is very weak and with a time scale of 20 kyr has more in common with the 3rd change during Termination 3 than with the \true" terminations. It was, however, this small change that was taken to be the termination by R a ymo. The stronger minimum in the transform is at 540 kyr BP and although it is still much weaker than the other terminations, it occurs over a more consistent time scale of 45 kyr.
It is clear from these results that the antisymmetric wavelet method is an objective and robust tool for studying changes at di erent time scales in a paleo-climate time series. For the simple transitions we h a ve close agreement with Raymo's results while providing additional information on the time scale of the transition. For the more complex de-glaciation, the method reveals the picture of at which time scales there is signi cant c hange occurring, without relying on subjective decisions to be made as to which c hanges should be included in the analysis.
Results
The antisymmetric wavelet transforms of Shackleton's four sets of paleo-data constitute the last column of plots in Figure 1 . In these plots the data have been extended out to 1024 points with a at line so the full e ect of the edges is apparent. It is clear that in contrast to the Morlet wavelet result, we a r e n o w a b l e t o p i c k out information on major G-IG changes T2-T4 with no contamination of edge e ects. Unfortunately the last termination, T1, falls within the degraded part of the transform.
In order to see if T1 was consistent with the other terminations, we performed the analysis several times extending the data into the future in various ways with the assumption that the present d a y is within a few thousand years of a peak in all four time series. We extended the data with linear trends of glaciation over time scales between 20 and 100 kyr, and also tried extending the time series using the data that follows Terminations T2 and T4. Thus our results for T1 are quoted as ranges. If our assumption of an imminent d o wnward trend is incorrect then the true answers may also fall outside these ranges. In Figure 5 , which s h o ws close up views of the four main terminations, the data have been extended into the future using the data following T2.
In this analysis we produce an objective measure of the timing of the centres of the terminations. As shown in the previous section, de ning the true start of the main termination event b y e y e is not straightforward, due to the higher frequency variations in the data. Table 2 indicates the times of the minima in the wavelet transforms associated with the terminations and the time scales for the changes calculated from the wavelet number.
We cannot attach meaningful errors to the value in Table 2 without knowing the errors in the data themselves, which is information that we d o n o t h a ve. Inspection of Figures 2 and 3 show that the wavelet itself exhibits precision of the order of 1-2 kyr in the location in time of maxima and minima.
Transitions T2 and T4 are similar in character. They start with an increase in the ocean temperature, but the change is slow (time scale 50 kyr for T2 and 40 kyr for T4). The rise in air temperature and carbon dioxide lags the ocean temperature change by 6 kyr and this rise occurs at a shorter time scale (30{40 kyr). Then, 7 kyr after the carbon dioxide change, there is a fast increase in sea level (time scale 20 kyr for both T2 and T4). After this fast change in sea level, there is a continuing upward trend on a time scale of the order of 50 kyr which persists throughout several other short time scale events. This feature is indicated by the strong signal at around wavelet 20 apparent i n the transform for some 10-20 kyr after the abrupt change. This feature does not appear in the other three datasets.
As Raymo found for the benthic foraminiferal 18 O in cores, Termination T3 is di erent i n c haracter from the other terminations. The magnitude of the transition is much smaller, particularly for carbon dioxide and sea level. Another obvious di erence is that the ocean temperature, air temperature and carbon dioxide changes are all coincident, although the wavelet transform of the air temperature has a very at minimum that spans some 5 kyr. The ocean temperature change occurs signi cantly faster (20 kyr) than at the other terminations. The sea level transform actually has two minima of similar size one fast (15 kyr) event 6 kyr after the minimum in the carbon dioxide transform and then a v ery slow (55 kyr) change another 7 kyr later.
It appears that T1 is consistent with the other terminations in the ordering of air temperature, carbon dioxide and sea-level. Ascertaining the relative timing of the ocean temperature is more di cult since its range overlaps with both the sea level and carbon dioxide ranges. A visual inspection of T1 adds credence to these results with approximately 2 kyr lags between the air temperature and the carbon dioxide, and the same between the carbon dioxide and the sea level. The centre of the termination was estimated as the time when the value was mid-way b e t ween the maximum and minimum. The timing of the sea temperature change is not clear from a visual inspection since there is considerable high frequency variation, but the change appears to span the range of the other three variables. Petit et. al. (1999) analysed the terminations in the data from Vostok. Those data have consistency in the timings for the di erence components, although a subjective method was used to ascertain the position of the transitions. Taking 18 O as a proxy for ice volume they conclude that the ordering is the same for the four terminations, with air temperature and carbon dioxide concentration changing in phase (to within the accuracy of the measurement and timing), followed by the ice sheet collapse. They also remark on the peculiarity o f T ermination 3 compared to the others, with its much smaller change in ice volume and di erent characteristics in the timing of the change in dust concentration. These results are all consistent with those presented for Shackleton's data in the previous section.
Comparison of the results with previous work
Shackleton (2000) re-timed the 18 O records from both the benthic cores and the Vostok the ice core using the obliquity and precession signals in the Milankovitch insolation. The benthic 18 O and Vostok 18 O were combined in such a way so as to eliminate the Dole e ect and produce separate time series for ice volume and ocean temperature. While it is not easy to analyse the errors incurred in this procedure, it would appear that many of the inaccuracies present in the Raymo time series have been eliminated in Shackleton's study. I n R a ymo's work, 18 O was taken as a direct proxy for ice volume, so the contamination from ocean temperature was not considered. Also the new timing method should have reduced many of the errors in the timing of the benthic core. It was necessary for Shackleton to de ne an independent age in his analysis. It is therefore possible that the relative lags between the components is of higher accuracy than the absolute timing of the transitions.
As previously discussed in section 4 Raymo calculated the timings for T3{T7 from benthic foraminiferal 18 O from 11 cores. T1 and T2 were xed at 13.8 and 128 kyr BP respectively. R a ymo then calculated the mean timing and a standard deviation for each termination. At T3 one core was eliminated from the calculation of the mean (and standard deviation) due to it being an extreme outlier. Since several (less extreme) outliers remain in the data, here we include all the results and use more robust estimators of location and spread, namely the median and inter-quartile range.
We s h o w in Figure 6 the Milankovitch forcing for the last 400 kyr, with the centres of the terminations taken from Ta b l e 1 s h o wn as vertical lines. The results from Raymo's timings are also shown for comparison. For Terminations 3 and 4 the green (dot-dashed) vertical lines are the median value of the timings of these terminations from the 11 cores studied by R a ymo, while the green shading shows the inter-quartile ranges.
We see close agreement b e t ween the terminations calculated from Raymo's timings and the change in sea level obtained by R a ymo. The biggest di erence is 5 kyr at T2, the timing of which w as xed by R a ymo. Our timings from Shackleton's data are very close to the median values from Raymo's data for the rst change at T3 and for T4. Therefore, the results presented in the previous section are entirely consistent w i t h R a ymo's results, and it remains likely that Shackleton's analysis avoided much of the random error found in Raymo's data.
Conclusions
We h a ve used an antisymmetric wavelet to analyse the ice-age terminations occurring in the ocean temperature, atmospheric carbon dioxide and sea level data sets compiled by Shackleton (2000) . Shackleton made considerable e orts to reduce the contamination of the proxies by other processes, and the time series are timed in a consistent w ay which makes them suitable for comparison. However, the following caveats should be considered when interpreting the results described in the previous two sections: the ocean temperature data are expected to be the least accurate of the signals since it contains considerable noise (Shackleton, pers. comm.) and there may be some errors in the timing of the higher frequencies in the ice D/H time series due to the way the timing for this quantity w as estimated (Shackleton, 2000) . The subjective element which remains in our analysis is the choice of wavelet. While it is clear from the results that the antisymmetric wavelet is a far superior tool to the Morlet for decomposing the glacial-interglacial changes it is possible that even more suitable wavelets could be constructed. In the context of analysing fast changes the most obvious source of inaccuracy with the antisymmetric wavelet is the wings on either side of the main change (see Figure 2) . The wavelet will be a better t to features that have these wings, but we d o n o t w ant to de ne the shape of the time series outside the change. We are currently pursuing further work in this area, including the development and analysis of new wavelets.
Taking the average over the four terminations ( Table 2 ) the ordering of ocean temperature, carbon dioxide and sea level changes is found to be the same as was found for the 100 kyr signal averaged over the whole time series, calculated by Shackleton. Ocean temperature leads carbon dioxide which leads sea level. The results for the air temperature are particularly interesting because, at the terminations, the change is coincident with the change in carbon dioxide, whereas for the time series as a whole Shackleton found that the phase of the 100 kyr signal was coincident with the ocean temperature.
We found that for all terminations air temperature and carbon dioxide change together and precede the very rapid sea level change by 7 k y r o n a verage. Ocean temperature appears less reliable (possibly due to inaccuracies in the data). For this component the change occurs much more slowly, slightly lagging air temperature at T1 and T3, but leading by 6-7 kyr for T2 and T4. Termination T3 is di erent from the others. From a visual inspection of the time series of sea level alone it is hard to spot at all. There were in fact two signals in the wavelet transform of the sea level, 6 and 14 kyr after the carbon dioxide change. For this termination it was also not possible to de ne the air temperature transition to within 5 kyr due to the atness of the minimum in the wavelet transform (see Figure 5) .
Studies which focus on Fourier-type analysis of the average characteristics of a whole time series are not capturing a clear picture of the irregular glacial cycles. So while the results are not in con ict with those of Shackleton, the methods employed here extract more detailed information about the terminations from the same data sets. In addition to the timings of the transitions we obtained information about the time scale of the changes which could prove useful for assessing competing hypotheses for ice age terminations. Since these data sets are inevitably imperfect representations of reality it is di cult to de ne the start of a termination to within a few thousand years. We cannot de ne the rst abrupt change, but a rough estimate for the time when changes started can be obtained by subtracting half the termination time from the central timings given in Table 2 . In this context the discovery by Y okoyama et al. (2000) of an abrupt rise in sea level 19 kyr BP is not inconsistent with our results which indicate that at that time the changes in all four components had already begun. The timing of the sea level changes were compatible with the timings that Raymo calculated for the benthic 18 O from cores. Raymo noted that the averaged values of the terminations fell on a rise in Milankovitch insolation for 4 out of 6 terminations. Figure 6 shows that, for our results, the rises in air temperature occurred on an upward rise in 2 out of the 4 cases while the ice changes occur on rises at all four terminations. We do not think the absolute timing of the transitions is su ciently accurate for rm conclusions to be drawn from this result. On the other-hand, because of the consistent w ay in which S h a c kleton's data were timed, the 7 k y r l a g b e t ween the air temperature/carbon dioxide and sea level is a more signi cant result.
As shown by the comparison with the results of Raymo (1997) , the method introduced here provides a more objective analysis of the time series of data which d o e s n o t rely upon an exact de nition of what an ice-age termination should be which has enabled us to compare and contrast changes occuring at di erent times and at di erent speeds. Sea level Raymo (δO18) Figure 6 . Centres of the terminations compared to the Milankovitch insolation, determined from Shackleton's data using antisymmetric wavelet. The median and IQR of Raymo's results from the 11 18 O time series shown a dotdashed green lines and shaded green areas.
